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. ABSTRACT. Using Voiculsecu's free entropy, it is shown that the free group factors L(F n ) lack 

' property C of Popa and that they lack finite multiplicity abelian subalgebras. 
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Introduction. 



In [8] and [9], Voiculescu introduced free entropy for re-tuples of self-adjoint elements in 
a Ili-factor, and used it to prove that free group factors, L(F n ), lack Cartan subalgebras [9]. 
In [4], S. Popa introduced a property for II]— factors, called property C. (See [5] for a paper 
related to [4].) Like Property T of Murray and von Neumann, this is an asymptotic commutiv- 
ity property, but it is formally weaker than property I\ Factors possessing Cartan subalgebras 
have property C. After Voiculescu's striking result, it is a natural question whether the factors 
L{F n ) have property C. In this note, we show that they do not. 

Liming Ge [2] used Voiculescu's free entropy to show that the free group factors L(F n ) 
for 2 < n < oo lack simple (i.e. of multiplicity one) abelian subalgebras. We say that an 
abelian subalgebra, A, of a Ili-factor M. with trace r has finite multiplicity m if there are 
, £ m 6 L 2 (M,t) for which 

A^A + --- + AUA (1) 
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2 KENNETH J. DYKEMA 

is dense in L 2 (M, r) and m is least such that this holds, where juxtaposition in (1) indicates the 
left and right actions of M on L 2 (M,t). We also give a proof, based on Ge's argument, that 
the free group factors L(F n ) for 2 < n < oo have no abelian subalgebras of finite multiplicity. 

Acknowledgement . 

Thanks to Sorin Popa for suggesting that Theorem 2.3 might be true. I would also like to 
thank Liming Ge for showing me an early version of [2] and Franz Lehner and Roland Speicher 
for pointing out an error in my first Lemma 2.2. 

§1. Notation and elementary lemmas. 

See [8] and [9] for many definitions, notations and theorems associated with free entropy. 
In this paper: 

Euclidean norms. M| a - means the /c 2 -dimensional Euclidean space of self-adjoint k x k 
matrices over the complex numbers with the Euclidean norm ||T|| e = f Tr^ 2 ) 1 / 2 , where Tr is 
the trace on M^ a - for which Tr(l) = k. On 



(M^ a -) n = M£- a - x ••• x M fc s 



s. a. 



n times 

the Euclidean norm is , T n )\ \ e = f (£i Tr^-) 2 ) 1 / 2 . 

2-norms. In both M^ a - and in Ili-factors, for self-adjoint x, \\x\\ 2 = r(x 2 ) 1 / 2 where r is the 
trace normalized so that r(l) = 1. Thus on M^°" we have || • || e = fe 1//2 || • ||2- 

Operator norms Without a subscript, ||X|| means the operator norm of X. 

Euclidean volumes. Free entropy is defined in terms of Euclidean volumes of certain subsets 
of (M^ a -) n . Whenever we have a measurable subset, X, of Euclidean space, E = R n , we 
denote by vol n (X) the (n-dimensional) Lebesgue measure of X. Thus, for example, what is 
A(r#(xi, • • • ,x n ; m,k, e)) in [8] and [9] is here written vol n k2(Tn(xi, ■ ■ ■ ,x n ; m,k,e)). 

Volumes of Euclidean balls. V n (r) is how we denote the n-dimensional volume of a ball of 
radius r in R n , which is known to be 

-r-n/2 n 

V »M = nTTf)' (2) 

Gamma. Let us remark that "Tr" always refers to the approximating subsets defined by 
Voiculescu, while 'T" without a subscript always means the Gamma-function. 
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Lemma 1.1. Le£ n,mGN. Then 




r(i + f)r(i + f) - r(i + ^y 



Proof. Taking the crossed product of balls we see Vn(2 _1/2 )V m (2 _1 / 2 ) < V n+m (l). Use (2). 

□ 

Lemma 1.2. Let < ft < 1, n G N and < ti, . . . , t/v < ft be such that Ylf=i U = 1- ^Tjen 



Proof. Since (ii + c) 2 + (t 2 - c) 2 > t\ + t 2 , if c > and i x > t 2 , it follows that the supremum of 



t? over allowable tj is [^]/3 2 + (1 - ft{±]) 2 . Hence if /3 = £ for K G N then £f t? < i. 
For general < /3 < 1 let K = [4]. Then j^rj < ft < ^ so also < tj < ^ and thus 



§2. Property C and free entropy. 

Definition 2.1. ([4]). A Ili-factor M with tracial state r is said to have property C if 
Vxi, . . . , x n G M. Va > 3yi, ... , y m G M such that 

(a) VI < i < n the distance with respect to || H2 from x L to spanjyi, . . . ,y m } is less than 
a, 

(b) V/3 > 3^1, . . . , mutually commuting abelian subalgebras of M, none of which 
contains a minimal projection of trace larger than ft, and such that for each j the 
distance with respect to || H2 from yj to A'j n is less than /?. 

Lemma 2.2. For M a II\-f actor with tracial state t, for self-adjoint x\, . . . ,x n G M. and 
forG < a < 1, suppose j/i, . . . , y m are such that (a) and (b) of Definition 2.1 hold. Then there 
is fto > such that whenever < ft < fto, whenever A\, . . . , A m are the mutually commuting 
abelian subalgebras of M. as in (b) of Definition 2.1 and whenever for each 1 < j < m we 



N 



£^</3 + 2/3 2 . 



i=i 




□ 
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take Nj £ N and self-adjoint projections pj : \,... ,Pj,Nj €E A,-, each of trace < (3, such that 
Yldl\Pj,i = 1; ^ en letting b = max(||xi||2, • • • , H^nlh) + 1 we have 

X(xi,... ,x n :yt,... ,y m ,(Pj,l)i<j<m) < Ci + (n- 1 -6m/?)loga, (3) 

l<l<Nj 

where C\ is a constant depending only on b and n. 

Proof. At the cost of doubling m we may suppose each yj is self-adjoint. We will assume each 
of 2/1, . . . ,?/ m is self-adjoint and prove under this additional hypothesis that 

X(xi,... ,x n :y u ... ,y m ,(Pj,i)i<j<m) < Ci + (n- 1 -3m/?) logo, (4) 

l<l<Nj 

which will then prove the lemma. Let c t;J - £ R be such that 

m 

VI < i < n |K ~ y^c hj yj\\ 2 < a. 

3 = 1 

Take (3 > and let Ai , . . . , yl m be the mutually commuting subalgebras with projections pjj 
as in the statement of the lemma. If Bj = Cpj t \ + Cpj t 2 + • • • + Cpj^N then the distance with 
repect to 1 1 | (2 from yj to B'j DM. is | \yj — Y^^=i Pj,iUjPj,i lb, which by hypothesis must be < (3. 
Hence choosing p small enough and (3 < (3q we get 

m Nj m 

VI < t < n \\x L -^c.j^pjjyjpjjiy < a + (3^2\c hj \ < 2a. 

j=i 1=1 j=i 

Let q\, ■ ■ ■ ,qN be the minimal projections of the algebra generated by {pjj | 1 < j < m, 1 < 
I < Nj}. Let I{j, 1)C{1,... ,N} be such that 

Phi = Yl q *- 

s ei{j,i) 

By an easy case of [9, 1.8], we have that 

X(xi,... ,x n :yt,... ,y m ,(pj,i)i<j< m ) = x(xi,--- , x n : 2/1, . . . , y m , 9i, ■ ■ ■ , Qn) 

i<l<Nj 

and we estimate the latter quantity. 

Claim 2.2a. \/R > 3m', k £ N 3e > such that if 



(A t ,... ,A n ) € T R (xi,... ,x n :yt,... ,y m ,q x ,... ,q N ;m' ,k,e) 



(5) 



TWO APPLICATIONS OF FREE ENTROPY ***** REVISED VERSION ***** 5 

then there are Bi,... , B m G M^°" and projections Q\, . . . ,Qn G M|-°- such that Q s < 1, 
T&nk(Q s ) = [r(q s )k] and such that, letting 

p,,i= E Q-> 



we have 

Vl<.<n ||A-E c ^E P ^' P ^ll2< 3a - ( 6 ) 

3=1 1=1 

Proof. Indeed, if A L are as in (5), let Bi, . . . , B m , Di, . . . ,Djy G M^°" be such that 

(Ai,... ,^,-Bi,... ,B m ,Di,... ,Z)jv-) G r fi (xi,... ,x n ,yi,... ,y m ,qi,--- ,qN\rri ,k,e). (7) 

Then by (5), letting £^- ; / = ^se/G' /) ^ s an( ^ choosing m' > 3 and e small enough, we may 
insist that 

m Nj 

VI < i < n \\A t -J2 c ^J2 E 3,l B 3 E 3,l\h < W2 (8) 

3=1 1=1 

Now there is 5 > such that if D[, . . . , D' N G M fc s - a - satisfy ||D£|| < R and ||Z>£ - D a || 2 < S 
then letting x = J2sei(j i) D' s it follows that, for any \\Bj\\ < R, 

m Nj 

VI < l < n || c ltj ^{EjjIljEjj - /•;.;//,/•;,) 2 < a/2. (9) 

3=1 1=1 

It follows from [8, 4.3] that if m! is large enough, if e is small enough and if k > /co for fco 
large enough, (independently of the choice of D\,... , such that (7) holds), then there 
are Qi, . . . , Qn G M^°" , projections, such that J2i Qs < 1 and Vs rank(<5 s ) = [r(q s )k] and 
||Q S — D s \\2 < 8. Hence, from (9) and (8) we have that (6) holds. Thus, Claim 2.2a is proved. 

Continuing with the proof of Lemma 2.2, let Qi, . . . , Qn G M^°" be any fixed projections 
such that X)£Li Qs < 1 and rank(Q s ) = [r(q s )k]. Let 

hi= E 

Then by (6), there is a x unitary U, (letting U be such that U*Q S U = Q s ), for which we 
have 

vi < 4 < n ||c/A^* -J2 c ^J2 p jA UB 3 u *) p jAh < 3a - 
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Consider the linear transformation 

F : (M s k a -) m -> {M s k a -) n 

given by 

y] C o,j ^2 P 3,l X 3 P 3,l ) 

3 = 1 1 = 1 ' t=1 

Thus every (A\, . . . ,A n ) as in (5) is within Euclidean distance ?>an x l 2 k x l 2 from a unitary 
conjugate of the range space of F. If U,U\ G Uk are such that \\U — U\\\ < 7 then since 
HAJI2 < 6 — 1 + e < 6 we have 

\\(U*A 1 U,... ,U*A n U)-(U* 1 A 1 U 1 ,... ^AnUJWe < 
< k 1 ' 2 ^ 1 ' 2 max \\U* A U U - AJJ^ < 2bk 1 ^n 1 ' 2 ^. 

l<L<n 

Hence if (U\)\ e A is a 7-net for Uk with respect to the metric arising from the operator norm, 
then (Ai, . . . , A n ) is within Euclidean distance n 1 / 2 /c 1 / 2 (3a + 267) of 

[j(U x ,... ,C/ A )Range(F)([/ A *,... ,U* X ). 

AGA 

By results of Szarek [6], there is a 7-net in Uk with cardinality |A| < (^) fe2 , where C is a 
universal constant. In the following computation, let Tr denote the right -hand-side of (5). 
Since the Euclidean norm of (Ai, . . . ,A n ) is no greater than fc 1 / 2 n 1 / 2 6, letting B be the 
Euclidean ball in Range(F) of radius /c 1 / 2 n 1 / 2 (3a + 6(27 + 1)), it follows that every point in 
T R is connected to (U\, . . . , U\)B(U^, ... , U£), for some A G A by a line segment of Euclidean 
length < k 1 / 2 n 1 / 2 (3a+2b-f) which is normal to (U x , . . . , U\)B(U%, ... , C/J). Let d fc = rank(F). 
Then 

m ^ 

4<J]^rank(P jV ) 2 

j=i 1=1 

Hence by Lemma 1.2, dk < "irafik 2 . Then 



I, 2 - 



vol nfc2 (r fl ) < |A| • V dfc (fc 1 / 2 n 1 / 2 (3a + 6(2 7 + 1))) • V nk ^ dh (k Xl2 n x l 2 (?>a + 26 7 )). 
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Letting 7 = a/6 we have 

, m n (Cb\ k2 {Trkn) dk / 2 (5a + b) d * (7r/fcn)(™ fe2 -^)/ 2 (5a) nfc2 - dfc 

VOlnfcH 1 R) < 



a 



r(i + %) r(i+ ^ fc2 - rf fc 



< 



< 



2 V x V A 1 2 

(C6) fc2 (7r£;ra) nfc2 / 2 (66)^5 nfc2 " dfc a («-i)fc 2 -^ 2 nfe2 / 2 

r(i + ^) 

((6b) n 5 n Cb) k2 {2TTkn) nk2 / 2 a^ n -^ k2 - dk 
1(1 - ^-i ' 



where we used successively (2) and Szarek's result about |A|; Lemma 1.1; the fact that < 
dk < nk 2 . Thus using Stirling's formula we get 

- log k + k~ 2 log vol nfc2 (T R ) < 

< n log(30o) + log(C6) + | log(2™) + (n - 1 - ((i fc /A; 2 )) log a + c fc , 

where lim^^ c?; = 0. Using that dk < 3m/3/c 2 and letting A; — > 00 gives (4). 

□ 

Theorem 2.3. For each n£ {2,3,4,... , 00}, L(F n ) does not have property C. 

Proof. Suppose for contradiction that L(F n ) has property C. We have by [8, 4.5] and [8, 5.4] 
that for a free family of semicircular elements, X\, . . . , x n >, 

X(x u ... ,x n >) > -00. (10) 

If n G N, n > 2, then letting free family of semicircular elements generating 

L(F n ), using (4) with /? and a sufficiently small, from (3) and (10) we obtain 

X(xi, . . . ,x n : zi, . . . ,z K ) < x{xi,- ■■ ,x n ) 

for some z\, . . . ,zk G L(F n ), which is a contradiction to [9, 1.8]. 

If n = 00, let (xj^ 1 be a free family of semicircular elements generating L(F OQ ) and take 
any n' G N, n' > 2. Assuming property C holds, in like manner to above we obtain 

X(xi, . . . ,x n > : zi, . . . ,z K ) < x(xi,- ■ ■ ,x n i) 

for some zi, . . . ,Zk G L{F 00 ). Now letting Ei denote the conditional expectation from L{F 00 ) 
to {x\, ... , xi}, by [9, 1.5] we have for some 1 £ N, I > n', that 



X(xi, ... ,x n > : Ei(zi), . . . ,Ei(z K )) < x{x\, ■ ■ ■ ,x n >). 
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Hence by [9, 1.8] and [8, 2.3] we have 

X(xi,... ,x t ) = x(xi,... ,xi :z 1} ... ,z K ) 

< xOi, ■■■ ,x n > :z 1} ... ,z K ) + xOn'+i, ■■■ 

< x(xi,... ,x n >) +x(x n '+i) H \-x(xi) 

< x{xi) H \-x(xi), 

which contradicts [8, 5.4]. 

□ 



§3. Finite multiplicity abelian subalgebras and free entropy. 

Proposition 3.1. Suppose a II\-factor, M, has an abelian subalgebra, A, of finite multiplicity 
< m. Then for every t G R>o, Mt has an abelian subalgebra of multiplicity < m. 

Proof. It will suffice to show for all < t < 1 and for all i € N that if A has multiplicity < m 
then Mt has an abelian subalgebra of finite multiplicity < m. Let £i, • • • ,£ m G L 2 (M,t) be 
such that A£iA + • • • + Al; m A is dense in L 2 (M,t). For < t < 1, let p G A be a projection 
for which r(p) = t. Then 

L 2 {pM P ,T{p)- l \ pMp ) = P L 2 {M,T)p 



= p{A^A + ■■■ A£ m A)p 

= pA(p£ip)Ap H pA(p£ m p)Ap 

so pA has multiplicity < m in pMp. For t = n G N, ( > 2 we have Mt = M <8) M n (C). Let 
( e ij)i<i,j<n be a system of matrix units for M n (C). Then L 2 (M n (C),r n ) has orthonormal 
basis [n}l 2 eij | 1 < i,j < n}. Let D = spanje^ | 1 < i < n} C M n (C). Consider the abelian 
subalgebra, i®D C Mt- Let = ^1*^=1 £ fe ® ^i' so * na * 

and thus 

(A ® Z>)£(A ® D) + ■ • • + (A ® D)C(-4 ® D) 
is dense in L 2 (M,t) ® L 2 (M n (C), r n ). Hence A <g) D has multiplicity < m in <8) M n (C). 

□ 
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Lemma 3.2. Let M be a II\-factor with normalized trace r and take X\,... ,x n G M s . a .- 
Suppose co > and there are yi, . . . ,yx G M s . a ., projections pi,... ,Pn G M s . a . whose sum 
is 1 and scalars Xr\P G C (for I < l < n,l < I < K ,1 < r,s < N ) for which Xr\P = xi\p 
such that 

K N 

Vl<i<n \\x L -J2J2 X rJ ) PryiPs\\2<"- ( U ) 

1=1 r ,s=l 

Then Vi2 > 1 there are k 1 ,m' G N and e > such that if k > k\ and if 

(Ai, . . . , A n ) G T R (xi,... ,x n :p!,... ,p N ,yt,... ,y K ;m',k,e) (12) 

then there are orthogonal, self-adjoint projections Qi,... ,Qn G M^°", with rank(Qj) = 
[ T (Pj)k] and there are B\, . . . ,Bk G M^ a - such that 

K N 

VI < l < n 4fQrBiQ s \\ 2 < Scu. (13) 

1=1 r,s=l 

Proof. In light of (11), taking m = 3 there is e > such that if k G N and if 

(At,... ,An,Di,... ,D N ,Bi,... ,B K ) G T R (xi,... ,x n ,pi,... ,p N ,yi,... ,y K ;m ,k,e ) 

(14) 

then 

K N 

VI < i < n \\A L - ^P D r BiD r \\ 2 < 2co. (15) 

1=1 r,s=l 

Then there is 5 > such that if D[,... ,D' N G M°-°~, \\D' r \\ < R satisfy VI < j < N 
\\Dj - £K|| 2 < 5 then for any \\Bi\\ < R, 

K N 

Vl<t<n ^r;P( D rBlD s -D' r BiD' s )\\ 2 <co. 

1 = 1 r,s=l 

It follows from [8, 4.3] that there are ei > 0, mi, ki G N such that if k > k\ and if 

(£>i,... ,D N ) G T R {pi,... ,p N ;mi,k,ei) 

then there are orthogonal, self-adjoint projections Qi, . . . ,Qn G M^°", rank(Qj) = [r(pj)k], 
such that VI < j < N \\Dj - QA\ 2 < 5. 

Putting these facts together, we can prove the lemma. Indeed, let e = min(e ,ei) and 
m! = max(m ,mi). If A L are as in (12) then there are Dj and Bi such that (14) holds, also 
with m' and e replacing mo and eo- Then (15) holds and we can find Qj as desired so that (13) 
holds. 

□ 
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Lemma 3.3. Suppose Xi, . . . ,x n , to > 0, yi, pj and X^'P satisfy the hypotheses of Lemma 3.2 
and let b = max(||xi|| 2 , . . . , H^nlb) + 1- Let m' G N and e > be as found in Lemma 3.2, 
assume without loss of generality that e < 1 and let 

R > max(||xi||,... , ||x n ||, \\yi\\, ■ ■ ■ ,\\y K \\A)- 

If also lo < b and oj < 1 then 

Xr(x!,... ,x n :y 1 ,... ,y K ,p u ... ,p N ;m',e) < Ci + (n - K - l)logw, 

where C\ G R depends only on n and b. 

Proof. Let k\ be as found in Lemma 3.2 and let k>k\. Let Qi, . . . ,Qn be any fixed, orthog- 
onal projections in M^°", with rank(Qj) = [r(pj)k]. By Lemma 3.2, for every (Ai, . . . ,A n ) 
as in (12) there are Bi,... ,Bk G M^ a -, each of norm < R, and there is U G Uk (the group 
of k x k unitaries) such that 

K N 

Vl<i<n \\A L -J2J2 X rJ )u QrU*BiUQ s U*\\ 2 <Suj. (16) 

1=1 r,s=l 

Consider the linear transformation 

F : (M^- a -) K -f (M fc s - a ') n 

given by 

if TV 



(«. iV n. n 

1 = 1 r,s = l ' <•=! 



Then (16) implies that there is £7 G U k such that the point (U*A 1 U, ... , U* A n U) is Euclidean 
distance at most ?>um x l 2 k x l 2 away from the range space of F. If U, Ui G Uk are such that 
I \U — Ui 1 1 < 7 then since | \A b \ \% < b — 1 + e < b we have 

IKC/M^,... ,£/M n £7) -(^Mi Ui,... ,UlA n Ui)\\ e < 
< k 1/2 n 1/2 max \\U* A,U - U{ A b Ui\\ 2 < Ibk 1 ' 2 ^' 2 ^. 

l<L<n 

Hence if (U\)\ e A is a 7-net for Uk with respect to the metric arising from the operator norm, 
then (Ai, . . . , A n ) is within Euclidean distance n 1 / 2 /c 1 / 2 (3cj + 267) of 

\J(U X ,... ,C/ A )Range(F)([/ A *,... ,U* X ). 
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By results of Szarek [6], there is a 7-net in Uk with cardinality |A| < (^) fe2 , where C is a 
universal constant. In the following computation, let Tr denote the right-hand-side of (12). 
Since the Euclidean norm of (Ai,... ,A n ) is no greater than k x l 2 n x l 2 b, letting B be the 
Euclidean ball in Range(F) of radius k}l 2 n x l 2 {2>u) + b(2~f + 1)), it follows that every point in 
is connected to (U\, . . . , U\)B(U x f , ... ,U?), for some A £ A by a line segment of Euclidean 
length < k 1 / 2 n 1 / 2 (3uj+2b-f) which is normal to (U x , - . . , U X )B{U{, ... ,U{). Let d k = rank(F), 
so dk < nk 2 and dk < ink 2 . Then 

vol nfc2 (r i? ) < |A| • V dk (k 1 / 2 n 1 / 2 (3co + 6(2 7 + 1)) • V nk 2- dk (k 1 / 2 n 1 / 2 (3io + 26 7 )). 

Set 7 = u)/b, giving 

1 , r (irkn) d "^(5u} + b) d " {■Kkn)( nk2 - d ^/ 2 {buj) nk2 - d * 
v °lnfc 2 (i r) < — • — , • — — rik 2_ dl : 

V^y r(i + ^f) r(i + nfc 2 

(C6) fe2 (7rA;n) nfc2 / 2 (66) d ' c 5 nfe2 " <ifc 6J (n " 1)fc2 " d ' t 2 nfe2 / 2 

" r(i + ^) 

_ ((66) n 5 n C6) fe2 {2TTkn) nk2 / 2 io ( - n - K - 1 ^ 2 

~ r(i + ^) ' 

where we used successively (2) and Szarek's result about |A|; Lemma 1.1; the facts that 
(n — l)k 2 — dk > (n — K — l)k 2 and uj < 1. Thus using Stirling's formula we get 

- log k + k~ 2 log vol„ fc2 (T R ) < 

Tl I 

< nlog(306) + log(C&) + - log(27rn) - - log(27r) + (n - K - 1) logo; + c k , 
where lim^oo Ck = 0. Taking the limit as k — ► 00 gives 

Xa(xi,... ,x n :pi,... ,p N ,y u ... ,y K ;m',e) < C\ + (n - K - l)logw 
as required. 

□ 

Lemma 3.4. Suppose M. is a Ili-factor with abelian subalgebra A having finite multiplicity 
< m. Let xi, . . . ,x n G .A4 s . a . and cj > 0. Let K = 2m. Then there is N <G N such that the 
hypotheses of Lemma 3.2 are satisfied, namely, there are yi,... ,y2m, Pi,-- - ,Pn and X^'P 
such that (11) holds. 

Proof. Recall that an element of JC = L 2 (A4,t) is said to be self-adjoint if it is fixed by the 
involution J defined by Jx = where x 1— ► x is the defining mapping M — > L 2 (M, r). 
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There are self-adjoint £1, . . . , G such that ^i^4 + • • • + A£ 2m A is dense in "K. Hence 
there is M G N and there are a[ L ' l) , . . . , afy l) , b[ L ' l) , . . . , b [ ^ l) G A (for 1 < / < 2m, 1 < t < n) 
such that 

2m M 

VI < t < n \\x b -J2J2 a k' l) & b k' l) -x t \\oc< w/3. 
z=i fc=i 

Since (-M s . a .)~ is dense in "K s . a ., there are yi, . . . ,y2m G -A4 s . a . such that 

2m M 

VI < t < n \\x,-J2J2 a k' l) Vi b k' l) I b < 2w /3- 

i=l fe=l 

Since vl is abelian there are iV G N and self-adjoint projections pi, . . . ,pjv G A whose sum is 1 
such that each a^'^ and b^' 1 ^ is approximated sufficiently well in norm by linear combinations 
of the pj so that for some scalars X^'P G C we have 

2m N 

VI < I < 71 ^PPrVlPslU < W. 

1=1 r ,s=l 

Since x L is self-adjoint, we may without penalty take X^'P = X^P . 

□ 

Theorem 3.5. Suppose M is a Hi -factor with an abelian subalgebra, A, having finite multi- 
plicity < m. Suppose xi,... ,x n are self-adjoint elements of M. which taken together generate 
M. Ifn>2m+1 then 

X(xi, ... ,x n ) = -oo. 

Proof. Let u > 0, let N, pi, . . . ,Pn and yi, . . . , yim be as obtained from Lemma 3.4. and let 
b and R be as in Lemma 3.3. Since M. = {xi, . . . ,x n }", by [9, 1.8] we have 

X(xi, ... ,x n ) = Xr(xi, ••• ,x n ) = Xr(xi, ... ,x n :p!,... ,p N ,Ui, ■ ■ ■ ,y2m), 

and we will estimate the latter quantity. Let e and m' be obtained from Lemma 3.2, taking 
without loss of generality e < 1. Then for uj < b, by Lemma 3.3, 

X(x!,... ,x n ) < Xr(xi,... ,x n :p!,... ,p N ,yi,... ,y 2m ;m,e) < C\ + (n - 2m - l)\ogu. 

Now let ui -> 0. 

□ 
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Corollary 3.6. For no n € N, n > 2 does the free group factor L(F n ) contain an abelian 
subalgebra of finite multiplicity. 

Proof. For n' € N and n' > 2, L(F n >) is generated by a free family semicircular elements, 
Xi,. . . ,x n > and by [8, 4.5] and [8, 5.4] it is seen that 

X(xi, ■ ■ ■ ,x n >) > -oo. (17) 

Suppose for contradiction that L(F n ) has an abelian subalgebra of finite multiplicity m. By [7] , 
for each fc£N L(F n ) 1 / k = L(F 1+k 2^ n _ 1 ^), so by Proposition 3.1 and for k large enough we 
can find n' € N such that n' > 2m — 1 and L(F n i) has an abelian subalgebra of multiplicity 
< m. Theorem 3.5 and (17) now give a contradiction. 

□ 

Remark 3.7. Clearly, (see [3], [1]) the same argument shows that for no 1 < t < oo does the 
interpolated free group factor L(F t ) contain an abelian subalgebra of finite multiplicity. 

We now use the method of [8, 5.3] to consider also the free group factor on (countably) 
infinitely many generators. 

Theorem 3.8. L{F 00 ) has no abelian subalgebras of finite multiplicity. 

Proof. Suppose for contradiction that L(F oc ) contains an abelian subalgebra of finite multi- 
plicity m. Let xi,X2, - ■ ■ be a free family of semicircular elements generating L(F 00 ) such that 
\\xjW2 = 1. Let K = 2m, n = 2m + 2, b = 2 and let C\ be as in Lemma 3.3 for these values 
of n and b. Since x( x i, • • • > x n ) > —00, there is uj > such that C\ + logu < x( x i, ■ ■ ■ , x n ). 
Let yi,. ■ ■ , ?/2m) Pi, ■ ■ ■ iPn and be as obtained from Lemma 3.4. By Lemma 3.3, 

X(xi,... ,x n : j/i,... ,y 2m ,Pi,--- ,Pn) < x(xi,--- ,x n ). 

For n' € N let E n > be the trace-preserving conditional expectation from L{F ao ) onto 
{x\, . . . ,x n '}". Then by [9, 1.5], for some n' G N we have 

X(xi,... ,x n : E n f(y 1 ),... , E n , (y 2m ), E n > (pi), . . . ,E n ,(p N )) < x(xi,... ,x n ) 



and we may assume without loss of generality that n' > n. Thus, by [9, 1.8] and [8, 2.3] we 
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have 



X(xi,... ,x n >) = x(xi, 



,x n > : E n ,{yi),... ,E n ,(y 2m ),E n '{p 1 ),... ,E n ,(p N )) 



,x n : E n /(yi),... ,E n >(y 2m ),E n >(p 1 ),... ,E n >(p N )) 



%n' ) 



< X(X1, ■■■ ,Xn)+ X(Xn+l) H h X(Xn') 



< X(xi) +---+X(Xn>), 



which contradicts [8, 5.4]. 



□ 
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